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VECTOR GENERATORS OF
THE REAL CLIFFORD ALGEBRA CY,

YOUNGKWON SONG* AND DOOHANN LEE**

ABSTRACT. In this paper, we present new vector generators of a
matrix subalgebra Lo, , which is isomorphic to the Clifford algebra
CYo n, and we obtain the matrix form of inverse of a vector in Lo .
Moreover, we consider the solution of a linear equation xgs = gor,
where g2 is a vector generator of Lg .

1. Introduction

Let RP? be the standard n-dimensional pseudo-Euclidean space en-
dowed with the quadratic form Q(v) = >_7_, v? — f:g 1 v? of signature
(p,q) with p+ ¢ = n. Also, let C¢, , be the corresponding real Clifford
algebra of RP9.

The Clifford algebras are isomorphic to some matrix algebras. In
particular, we constructed the subalgebra Lg,(R) of the 2™ x 2" real
matrix algebra Man(R) for every n € N which is isomorphic to the real
Clifford algebra C ,, and called it the “OE-construction” [2]. Also, we

showed g2, g3, 97, . ..,g2n—1 are vector generators of Ly ,(R) and proved
some interesting properties.
In section 2, we will show that g2, g4,9s,...,gon are another vector

generators of Lo ,(R).

In section 3, we will prove some interesting properties of the vector
generators gs, g4, gs, - - - , gon comparing with those of vector generators
92,93, 97, - --,gon_1. More concretely, we will calculate the determinant
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of a linear combination of generators in Ly, (R) which are different from
those in [2] and we obtain the matrix form of inverse of a vector in Lg .

In section 4, we will consider the existence of solutions for some simple
linear equation za = az in Lo, (R). In fact, by using the construction
of matrix representation in [2], the solution set can be obtained easily
in some sense. Furthermore the solution set of the equation can be
considered in the Clifford algebra C¥y,, since Lg,(R) is isomorphic to
the Clifford algebra C/,,.

2. Generators of the algebra L, (R)

In [2], we constructed vector generators gs,gs,g7,...,gom—1 of the
subalgebra Lg,(R) of the 2" x 2" real matrix algebra Man(R) for ev-
ery n € N and proved some interesting properties. In this section, we

will show g2, g4, g3, - . ., g2n are another vector generators of Lg ,(R) and
prove some interesting properties comparing with those of vector gen-
erators ¢o, g3, g7,...,gon_1. First of all, recall some notations given in
[2].

NOTATION. Let

Oz Oy J
Oy - J  O2

K, o= : . . : € Mom-—2 (R) ,
J - Oy O

for 4 < m <n. Also, let

_ 02777,72 — N\ m—92
Tmfl — ( Km—2 O2m72 S MZm—l(R) )

for 3 <m <n.

REMARK 2.1. By using the above notations, goi € Loy, (R) for i =

1,2,...,n can be written as follows:
E 02 . 02
02 E ... 02
92 = . . . . € Man (]R),

Oy Oy --- FE
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Tm_l Omel st Omel
Omel Tm_l ctt O2mfl
gom—-1 = . . . S Mgn (R) s
Omel Oszl A Tm_l
for 3 <m < n, and
Oy -+ Oy Oy - —J
Oy o 0y —T - 0
920 =1 0y, ... J 0y - O € Man(R) .
J -+ Oy Oy - Oy

Let I' = {g2, go2,...,92n }. Then, gy € I' has the following properties:
LEMMA 2.2. Let gy € I'. Then,

(1) g9i is antisymmetric for all i = 1,2,...,n.

(2) g5 = —Ipn foralli=1,2,...,n.

Proof. (1) It is obvious from the definition of gy;.
(2) Since E? = —I5 and J* = I, we obtain g3, = —Ion by straightfor-
ward computations. ]

Moreover, any two elements in I' are anticommutative as follows:
ProrosITION 2.3. For all i > 2, we have g2 goi = —gyi g2.

Proof. For i =2, g2 g9i = —g9i go, since £J = —JE.
Now, assume that go gor = —gor g2. Note that

E Oy --- Oy T ng ng
Oy E -+ Oy Og Tk -+ Og
92 = : : : v Yok = : : .. :
Oy Oy --- E ng ng T
Set
E 02 . 02
02 ) D 02
k
W= T T T | e Mu(®).
02 02 . FE
Then, from the equation g2 gor = —gor g2, We have

gék)Tk = —Tkgék)~
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Thus,
gék_l) ngﬂ ( 02k71
Ozk—l gék_l) K1

which implies that ggk_l)Kk_l = —Kj_19

—Kj_1

OQkfl

(k—1)

OQkfl
Ky
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)~

k—1
i
Ozkfl

—Kj 1
O2k71

I

(k+1)

To prove g2 gor+1 = —gok+1 g2, it is enough to show that g5 " "1} =
Ty kD)
—Lk+199 .
Since
gék_l) OQkfl 02/9,1 OQk—l
g(k+1) _ ng—l gék_l) 02]{,1 OQk—l
2 OQk—l OQkfl gék_l) OQk—l
ng—l ngfl 02k71 gék_l)
and
OQk—l 02k—1 OZk—l —Kk_l
T - OQk—l OQk—l _Kk_l OQk—l
MLIT | Ogeer Kiep Ogeer Ogicn
Kk_l OQk—l OZk—l OQk—l
we have
ngfl 021971 021%1 —gék_l)Kk_l
(k+1) . 02k71 021@71 —gék_l)Kk_l 021%1
9 Ty = (k—1)
021%1 9o kal 02k71 ngfl
gék_l)Kk,1 Ozk—l ngfl ngfl
Ozk—l OQk—l ng—l Kk,lgék_l)
o OQk—l OQk—l Kk,lggk_l) OQk—l
OQk—l —kalgék_l) Ozk—l OQk—l
—kalgék_l) OQk—l Ozk—l OQk—l
k
= —Teagy .
Thus, the equation gékH)T E = —TkgékH) holds and so the proposition
is proved. O

PROPOSITION 2.4. For every 4,7 > 2 with i # j, we have gy goj =

—92i goi-

OQkfl
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Proof. Note that

j—‘i 02i M 027; j-;;_‘_l 02i+1 M 02i+1

02i 7—‘1 e 027; 027;4-1 111‘4_1 R 02i+1
921 = : S : o Yot = : : . :

021' 02i s T; 02¢+1 02i+1 s Tz’—i—l
To prove the equality goi goit1 = —goi+1 goi, it is enough to show that

the following identity is satisfied:

T;; 021' ] o ] E 02i
<02i T >Tz+1——Tz+1<O2i T ) -

Since
021‘—1 —I\; 1 021‘—1 021'71
112‘ 022‘ _ Kz‘fl Ogifl 021‘—1 OQifl
02i n B 021‘71 OQifl 021‘—1 — I\, 1
021‘71 Ogifl Kz‘fl Ogifl
and
022'71 021'71 021‘71 — I\, 1
T‘ _ Ogifl 021'71 — ;1 027;—1
= Ogifl Kifl 021'71 027,'—1 ’

Kifl OQifl 021‘71 021'—1
the following equalities hold:

021’—1 027;71 KZZ 1 021‘71

7—‘7; 02i T _ 027;—1 022'71 027;—1 _K1j2—1
021' 1—‘7, +1 —

Thus, the equality goi goi+1 = —ggi+1 go: is proved.

Now, we assume that the equality goi ggi+r = —goi+k g9 is true for a
natural number k. Then we show the equality go: goitr+r1 = —goitk+1 goi.
Note that
T, Ogi -+ Ogi Ttk 02i+k s 02i+k
02i ,IIL o 021' 02i+k Cz—li+k e 02i+k
goi = . . . . » Goitk = . : . :

Oy Oy --- T Ogivt Ogivr -+ Tigg
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Now, set
ﬂ 021' et 021'
, Oy T; -+ Oy
k 2 ? 2
gélf ) — . . . : € Myivr(R).
021' 021' e E
Then, the equality goi goi+k = —ggi+r goi implies that
i+ i+
9; )Ti+k = —Litk g; )7
and so
i+k—1 i+k—1
é’ Kiho1 = — z’+k—19§3 ),
since
T' e = 02i+k71 —HN k-1
o Kitk-1  Ogivr—1 )7
Note that
Ti 02i v 021‘ Ti+}€+1 02i+k+1 v 02i+k+1
02i Ti s 02i 0211+k+1 Ti-&-k-l—l s 02i+k+1
92i Goitk+1 = . . . . . . .
02i 027’, s T; 02i+k+1 02i+k+1 s Ti+k+1
and
027;+k—1 02i+k—1 02i+k—1 — k-1
027;+k—1 02i+k—1 —Nirk—1 02i+k—1

Tihi1 =
i+k+1 027;+k—1 KiJrk,l 02i+k—1 02i+k—1

Kiitp 02i+k71 02241%1 02i+k—1

Thus, the equality

G92i Joit+k+1 = —(9it+k+1 (i
holds, since g§i+k_1)Ki+k_1 - _ i+k—19§i+k_1)- =

From Lemma 2.2 (2), Proposition 2.3 and Proposition 2.4, we obtain
the main result as follows:

THEOREM 2.5. ¢2,04,08,...,92n are vector generators of Lgn(R),
which is isomorphic to the Clifford algebra CY,,.

REMARK 2.6. Recall the Pauli spin matrices o1, 09, 03 defined by

0 1 0 —1 1 0
Ul:<1 0)502:<i 0)703:<0_1)7
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0 -1
1 0
given in [2], we can express ¢, g4, gs in Lo 3(R) by means of tensor prod-
ucts. That is to say,

)

and let 04 = 0103 = < ) From the process of “OE-construction’

P=0LRLR®0cs, ga=1®04R01, g8 =04R® 01 R 0].

Since 07 = I, 07 = —I5 and o104 = —0401, we obtain that g3, = —Is,
and gyigej = —goigyi for i # j.

3. Inverse of vectors in L ,(R)

In this section, we will present the matrix representation of the inverse
of a vector in Lo, (R). Set A = {>"" | aigsi : a; € R,i =1,2,...,n}, the
set of all vectors of Lo ,(R) in section 2. Then, the matrix A € A satisfies
some interesting properties as follows:

PROPOSITION 3.1. Let A =3"", ajgyi # Oan € A. Then,
(1) det(4) = £(37, a2)?" .

: Hli=
(2) A7 = Do G%A'
Proof. (1) Since gyi is antisymmetric, AT = — 3"  a;g5:. Also, by

proposition 2.3, 2.4,

n

AAT = (3 al)Ion.

i=1
Thus,
det(A)? = (" a2)"

i=1

and so .
det(A) = +(Y_a))?" .

i=1
(2) Since AAT = (3°F  a?)Ipn and AT = —A, the identity A™! =
<+~ A can be obtained. O

i=1%
EXAMPLE 3.2. Let n =7 and A = g2 — 3916 + 2964 + g128 € L077(R).
Then
6
det(A) = (12 + (=3)? + 22 + 1%)¥ = 1554,

Note that by using proposition 3.1, we can show that A = """ | a;g9i #
Ogn € A is an element in the Clifford group.
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4. Existence of solutions for a linear equation xa = ax in
Lo n(R).

Now, we will consider the existence of solutions for a simple linear
equation za = ax in Ly, (R). In fact, by using the matrix representation
in [2], the solution set can be obtained easily in some sense. Furthermore,
the solution set of the equation can be considered in the Clifford algebra
Clo,n, since Lo, (R) is isomorphic to the Clifford algebra C/¢g .

THEOREM 4.1. For g9 € A, the equation xgs = gox has solutions in
Lo »(R) and the solution set of the equation in Lo ,(R) is

2n—271 2n—271
E AmG4m~+1 + § bmg4m+2 ‘ Am, bm eR
m=0 m=0
Proof. Let
r1i1 T12 v Tlin
xro1 X222 Ton
r = . . . . € M2" (R) )

Tpnl Tp2 *°° Tnn

where z;; € M(R) for all 1 <i,j < n.
Then, the equation xgs = go is equivalent with x;;F = Ex;; for all
1 <4,j <n. Then we have

a —b
Ti=\p q ’

for some a,b € R, which implies that all the entries x;; of the first
column of x are of odd type. From the construction of Lo, in [2], we
obtain ;1 = O for all j = 1,2,...,n. Thus, x is expressed by

2n—271 2n—271
r= Y am@amiit Y bmgamia,
m=0 m=0
for some a,,, b, € R. O

EXAMPLE 4.2. Let n = 3. Then, the equation xgo = gox has solutions
in Lo 3(R) and the solution set of the equation in Lo 3(R) is

{aog1 + bog2 + asgs + beges | ao, a1, bo, b1 € R}.
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